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Abstract
The perturbative QCD fragmentation functions for a heavy quark to fragment into
heavy-light mesons are studied in the heavy-quark limit. The fragmentation functions
for S-wave pseudoscalar and vector mesons are calculated to next-to-leading order in
the heavy-quark mass expansion using the methods of heavy-quark eective theory.
The results agree with the m
b








. We discuss the application of the perturbative QCD
fragmentation functions as a model for the fragmentation of heavy quarks into heavy-
light mesons. Using this model, we predict the fraction P
V
of heavy-light mesons that

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are produced in the vector meson state as functions of the longitudinal momentum
fraction z and the transverse momentum relative to the jet axis. The fraction P
V
is
predicted to vary from about 1/2 at small z to almost 3/4 near z = 1.
2
I. Introduction
Heavy-quark spin-avor symmetries are very useful for understanding the properties of
hadrons containing a single heavy quark in kinematic regimes where nonperturbative aspects
of the strong interaction are dominant. These symmetries arise from the fact that the charm,
bottom, and top quarks are much heavier than 
QCD
. The symmetry is exact in the limit
of innite quark mass, and corrections can be systematically organized into an expansion




using heavy-quark eective theory (HQET). There has been much
progress on the applications of heavy-quark symmetries and HQET to the spectroscopy, and
to both exclusive and inclusive decays, of charm and bottom hadrons [1].
It has recently been pointed out by Jae and Randall [2] that HQET can also be applied
to the fragmentation of a heavy quark into hadrons containing a single heavy quark. They
showed that when the fragmentation function is expressed in terms of an appropriate scaling
variable, it has a well-dened heavy-quark mass expansion. Specically, they showed that the
fragmentation function D
Q!H
(z) at the heavy-quark mass scale has a systematic expansion
in inverse powers of m
Q













is the mass of the heavy hadron, and z is its longitudinal
momentum fraction relative to the fragmenting heavy quark. In the case of a heavy-light
meson, r can be interpreted as the ratio of the constituent mass of the light quark to the









), the fragmentation functions at the scale m
Q

















(y) +O(r) ; (3)
where a

(y) = 3a(y). By heavy-quark spin symmetry, the leading terms dier by a spin
3




It was also realized recently that the fragmentation functions for mesons containing a
heavy quark and a heavy antiquark can be computed using perturbative quantum chromo-
dynamics (PQCD) [3, 4, 5]. The fragmentation functions for a









were calculated to leading order in 
s
in Ref. [6]. These fragmentation
functions have been used to predict the production rates of the B
c
meson at LEP and at
the Tevatron [7, 8]. The general analysis of Jae and Randall must certainly apply to per-
turbative QCD fragmentation functions in the limit where the mass of the heavier quark is




















Since the PQCD fragmentation functions are consistent with heavy-quark symmetry,
they can be used as models for the fragmentation of heavy quarks into heavy-light mesons.
In this paper, we show how the leading and next-to-leading terms in the 1=m
Q
expansions
can be calculated directly from HQET. We then discuss the use of the PQCD fragmentation
functions as a phenomenological model for the fragmentation of charm and bottom quarks
into heavy-light mesons. As an application of this model, we consider the fraction P
V
of
heavy-light mesons that are produced in the vector-meson state.
II. PQCD Fragmentation Functions from HQET
The HQET Lagrangian, including the leading and the 1=m
Q










































































These coecients are all equal to 1 at the heavy-quark mass scale  = m
Q
. The term propor-
tional to C
2
can be omitted in calculating physical quantities, because it can be eliminated
using a eld redenition involving the equation of motion (v  D)h
v
= 0 from the leading
term in the Lagrangian. Our method for calculating the fragmentation function involves a




. To demonstrate that
the C
2
term can still be omitted in this case, we keep it in our calculation throughout, and
show that it cancels between the vertex and propagator corrections.
In our calculation, we need the Feynman rules derived from the HQET Lagrangian for (i)
the heavy-quark propagator, including 1=m
Q
corrections, (ii) the heavy-quark-gluon vertex,
including 1=m
Q
corrections, and (iii) the propagator for the small component of the Dirac
eld of the heavy quark. This last Feynman rule is needed in our calculation because
the fragmenting heavy-quark is o its mass shell. The Feynman rule for a heavy-quark
propagator is
i



































































is the momentum of the gluon. The Feynman rule for the propagator of the

















To calculate the fragmentation functions, we follow the method introduced in Refs. [3]











denote the pseudoscalar and vector Qq mesons by P and V , respectively. Here Q is the
heavy quark, and q is the light antiquark. We calculate the cross section for producing a
Qq meson plus a light quark q with total 4-momentumK

, divide it by the cross section for
producing an on-shell Q with the same 3-momentum
~






































is the mass of the meson in the nonrelativistic approximation, s = K
2
,
M is the matrix element for producing P + q or V + q, and M
0
is the matrix element for
producing an on-shell Q. The calculation can be greatly simplied by using the axial gauge
with the gauge parameter n











this gauge, we need only consider the production of the Qq meson plus q through a virtual Q
of momentumK

. The part of the matrix elementM that involves production of the virtual
Q can be treated as an unknown Dirac spinor  . In the limitK
0
!1, the same spinor factor
  appears in the matrix elementM
0
=  u(K) for an on-shell Q. The Feynman diagram for
Q
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state, the projection is the same except that 
5
is replaced by =, where 

is
the polarization 4-vector for the vector meson V . The rest of the amplitude corresponding
to Fig. 1 is obtained by using the ordinary QCD Feynman rules for the light quark spinor










corrections in the heavy-



























































































is the momentum of the virtual gluon and also the residual momentum
of the fragmenting heavy quark: K = m
Q
v + k. Note that the term proportional to n

in
the numerator of the axial-gauge propagator for the gluon vanishes after contracting with
the Dirac factor. For the vector meson state, the 
5
in the above equation is replaced by =.
We are interested only in the sum of the rst two terms a(y)=r+ b(y) in the heavy-quark






). We calculate separately the contributions to
the fragmentation functions from the leading terms in the HQET Feynman rules, from the
1=m
Q
corrections from the propagator, and from the 1=m
Q
corrections from the vertex. For










We rst derive the fragmentation function D
Q!P
(z) with the leading terms in the HQET

































(1 + =v)   : (12)




































 1 + z + 3rz



























































3(1   (1  r)z)
2





















+ 4y + 8) +O(r) ; (16)








). Therefore, in terms of a(y) and b(y), the leading term in



















+ 4y + 8)

: (18)
















(z) dier by a spin factor of 3, as required by
heavy-quark spin symmetry.
Next we calculate the contributions from 1=m
Q
corrections in the heavy-quark propagator
and the heavy-quark vertex. Expanding out the 1=m
Q
correction to the propagator in (11)



















































(1 + =v)   : (19)






, summing over spins and colors, and inserting




(z). Expressing this in terms of y, we nd that















+ 4y + 8)

: (20)























































































, we obtain after some work the contribution
to b(y) and to b















+ 4y + 8) + 6C
1

















+ 4y + 8) + 6C
1





In (11), the (1 + =v)=2 factor adjacent to   projects onto the large component of the
heavy-quark spinors produced by the source  . There is also a contribution of order 1=m
Q
from the small component of the heavy-quark spinors of the fragmenting Q quark [2]. The




















































The contributions to b(y) and to b
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+ 2y   4) : (26)
The complete expression for b(y) is obtained by adding (18), (20), (22), and (25). Thus






state, to next-to-leading order in 1=m
Q
, is
























The complete expression for b
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The terms proportional to C
2
in (28) and (30) cancel between propagator and vertex cor-
rections. We have set C
1
= 1 in (28) and (30). If we further put C
3
= 1, we recover the
next-to-leading terms in the 1=r expansion of the PQCD fragmentation functions given in
Ref. [6].
The heavy-quark mass expansions (2) and (3) break down in the limit y ! 1, which
corresponds to z ! 0, and also in the limit y! 1, which corresponds to z ! 1. As y!1,
the leading terms, given by (27) and (29), scale like 1=(ry
2
), while the next-to-leading terms
in (28) and (30) scale like 1=y. Thus the 1=m
Q
expansion breaks down when y is of order
1=r or larger. In the limit y ! 1, the leading terms in (2) and (3) vanish like (y 1)
2
=r while
the terms proportional to C
3
  1 in the next-to-leading terms go to 0 as the rst power of
y   1. Thus, unless C
3
= 1, the expansion also breaks down for y   1 of order r or smaller.
In Fig. 2, we compare the PQCD fragmentation functions (solid curves) with the heavy-
quark mass expansions (2) and (3) at leading order (dotted curves) and next-to-leading
order (dashed curves) in r. We use the value r = 0:10, which corresponds to D mesons.
The normalization is xed by arbitrarily setting N = 1 in (27)-(30). Note that we have set
C
3
= 1 in (28) and (30). For any other value of C
3
, either (2) or (3) becomes negative for
y very close to 1 indicating the breakdown of the 1=m
Q
expansion when z is too close to 1.
From the gure it is clear that the next-to-leading order curves are in very good agreement
with the complete PQCD fragmentation functions for both D and D

mesons. Surprisingly,
the leading order result for fragmentation into D

mesons also agrees very well with the
complete PQCD result, while the leading order result for the D meson falls about 30% low
near the peak.
III. PQCD Model for Heavy-Quark Fragmentation
It is tempting to use the heavy-quark limits of the PQCD fragmentation functions as
phenomenological models for the fragmentation of a heavy quark Q into heavy-light mesons








(y) given in (27) { (30).
In addition to N and r, we must treat C
3
as a phenomenological parameter, since, according
to (5), it depends on the low-energy scale  where perturbation theory breaks down. These
3 parameters all have well-dened scaling behavior with the heavy-quark mass; namely, N
is independent of m
Q












. Thus, if the
parameters are determined phenomenologically from data on charm fragmentation into D
and D

mesons, then the corresponding parameters for the B and B

mesons can be deter-
mined by scaling. The problem with this model is that unless C
3





(z) becomes negative for z near 1. This unphysical behavior only arises in a region of z
where the 1=m
Q
expansion is breaking down, but it makes these fragmentation functions less
attractive as a phenomenological model. If we choose C
3
= 1 to avoid these diculties, we
might as well avoid the 1=m
Q
expansion altogether and use the complete PQCD fragmenta-
tion functions as our model. We therefore propose as a model of heavy quark fragmentation






























(1  (1   r)z)
6
h








+ (1   r)
2






The only parameters are the normalization N , which is independent of m
Q
, and r, which
scales like 1=m
Q







), can be interpreted as the ratio of the constituent mass of the light quark to the mass























































The PQCD fragmentation functions (31) and (32) give the distributions in the longitu-
dinal momentum fraction z for the mesons P and V in a heavy-quark jet. This model can
be easily extended to give the distribution in their transverse momentum k
T
relative to the
jet momentum [21]. In Ref. [6], the fragmentation functions were obtained as integrals over













(z; s) ; (35)
















(z; s) in the integrand are given by
d
Q!P















[2(1   2r)   (3  4r + 4r
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[2(1 + 2r)  (1 + 12r   4r
2












































in the nonrelativistic limit. If, instead of integrating over s, we integrate
over z with k
2
T
held xed, we obtained the k
T
distribution for the fragmentation process.
Introducing the dimensionless variable t = k
T


















































z(1   z)s(z; t)
d
Q!P=V
(z; s(z; t)) (42)
with






























































































































































































In general, fragmentation functions D(z; 
2
) depend not only on z but also on a factor-
ization scale . In a high energy process that produces a jet with transverse momentum p
T
,
the scale  should be chosen to be on the order of p
T
. The functions (31) and (32) should




For values of  much larger than m
Q
, the fragmentation functions (31) and (32) should be
evolved from the scale m
Q











































One aspect of the initial conditions (31) and (32) and the evolution equation (45) that











This can be remedied [9] by using (47) as the initial condition on the fragmentation function




































(z; s) is dened by the integrand in (35) and s
min
(z) is given in (36).
IV. Comparison with other Fragmentation Models
The model for heavy-quark fragmentation which has been used most extensively in phe-


















are adjustable parameters that may depend on the hadron H. This














and expressing (49) in terms of the
















The Peterson fragmentation function is just the square of a light-cone energy denominator
multiplied by a phase space factor. It contains no spin information; the normalization
parameter N
H
is to be determined independently for the pseudoscalar and vector mesons of
a heavy-quark spin multiplet.
An alternative fragmentation model which does contain spin information has been pro-
posed by Suzuki [11]. Suzuki's fragmentation functions are derived from the same Feynman
diagram in Fig. 1 as the PQCD fragmentation functions, but with two essential dierences.
First, the diagram was calculated in Feynman gauge. If a general covariant gauge had been
used, Suzuki's fragmentation functions would have depended on the gauge parameter. The
PQCD fragmentation functions that we calculated are gauge-invariant. We calculated the
diagram in the axial gauge only for simplicity. If we had used a covariant gauge, we would
have had to also include diagrams in which both the virtual heavy quark and the virtual
gluon are emitted by the source   in Fig. 1. Alternatively, we could have calculated the
PQCD fragmentation functions for the fragmentation of a heavy quark into S-wave heavy
quarkonium directly from the general gauge-invariant denition [12]. Such a calculation has
been carried out for the equal mass case of charmonium by Ma [13]. A second essential
dierence between the PQCD model and Suzuki's is that we integrated over the invariant
mass s of the fragmenting quark (see Eq. (9)). The invariant mass is related to the transverse
momentum k
T















When expressed in terms of the scaling variable y dened in (1), Suzuki's fragmentation
function D
Q!P





























). By heavy-quark spin symmetry D
Q!V
(z) diers, in this limit,
only by a factor of 3.




An alternative fragmentation function which vanishes like the rst power of (1  z) has been
proposed by Collins and Spillers [14]. This was motivated by incorrect dimensional counting
rules. The correct dimensional counting rules for QCD [15] do in fact give a limiting behavior
of (1   z)
2
for the fragmentation function. The Collins-Spillers fragmentation function can
be derived in a similar way to ours, except that in the Feynman diagram in Fig. 1, the
interaction mediated by the virtual gluon is replaced by a point-like scalar Yukawa coupling
between the meson, the heavy quark, and the light quark. Consequently, the denominator of
the matrix element contains only one power of (s m
2
Q
), in contrast to the 2 powers in (12).
It is the omission of the gluon propagator that changes the behavior as z! 1 from (1  z)
2
to (1 z). Also, instead of integrating over the invariant mass of the fragmenting quark as in

































The various fragmentation models in the literature have been summarized in Ref. [16]
and compared with experimental data on D and D

production. The string models and
parton cluster models are very dierent in spirit from those discussed above. One can derive
analytic expressions for the heavy-quark fragmentation functions from the string models [17].
They contain a tunneling factor exp( Bm
2
H
=z), which suppresses the small-z region. In the























, this is inconsistent with heavy-quark symmetry, which re-





The PQCD model for heavy-quark fragmentation has a number of advantages over those





perturbative corrections can be systematically calculated. Relativistic corrections can also
16
be calculated in terms of additional nonperturbative matrix elements [18]. Second, our model
is consistent with heavy-quark symmetry in the limitm
Q
!1. The logarithms of m
Q
that
are predicted by HQET would be reproduced by the higher order perturbative corrections.
The PQCD model is also more predictive than those in Refs. [10, 11, 14]. It describes spin-
dependent eects, like Suzuki's model, but without introducing any additional parameters.
The PQCD model not only predicts the z-dependence of the fragmentation functions but
also their dependence on k
T
, the transverse momentum of the meson relative to the jet. The
fragmentation functions (31) and (32) apply only to S-wave mesons, but the fragmentation
functions for higher orbital-angular-momentum states can also be calculated. The PQCD
fragmentation functions for the P-wave mesons have been calculated to leading order in 
s
in Refs. [19].
V. The Vector-to-Pseudoscalar Ratio
In any production process for heavy-light mesons, one of the most fundamental experi-







which measures the relative number of vector mesons V and pseudoscalar mesons P that are
produced. If the mesons are produced within a heavy-quark jet, then V and P in (54) can be
identied as the fragmentation probabilities for the heavy quark to fragment into vector and
pseudoscalar mesons, respectively. The ratio P
V
can depend on kinematic variables, such as
the longitudinal momentum fraction z of the meson or its transverse momentum k
T
relative
to the jet. In the PQCD model for fragmentation, the normalization factor N cancels out
in the ratio (54), so that P
V
is determined by the parameter r only.
The simplest measure of the ratio P
V
comes from the total numbers of vector and pseu-
doscalar mesons in the jet integrated over z and k
T
. Setting P and V in (54) to the frag-
mentation probabilities in (33) and (34), we nd that the ratio P
V

































This ratio is plotted as a function of r in Fig. 3. From the graph it is clear that P
V
is not
strongly dependent on r. At r = 0, P
V
= 3=4 as required by heavy-quark spin symmetry.
As r increases P
V
decreases slowly to P
V
= 0:51 at r = 0:5. Thus at nonzero values of
r, the vector state is less populated than would be given by naive spin counting. We can
determine the value of r for the D and D

system using experimental measurements of P
V
.
A complete compilation of experimental data for P
V
from LEP, CLEO, ARGUS, PETRA,
and TRISTAN can be found in Ref. [20]. The key point in obtaining consistency between






)  0:68 instead of
the old value 0.55. The experimental value P
V









. If we interpret r as the ratio of the constituent
mass of the light quark to the mass of the meson, then the value r
D
= 0:10 corresponds to
a constituent mass of 200 MeV. Given a value of r
D
, we can determine the corresponding
value for the B   B
















Having determined the parameter r from data on D D

production, we can now predict
how the vector-to-pseudoscalar ratio should vary as a function of the longitudinal momentum
fraction z. The z-dependent ratio P
V
(z) is dened by (54), where P and V are given by the


















+ (1   r)
2














+ 3(1   r)
2





This ratio is plotted as a function of z in Fig. 4 for the values r = 0:10 (solid curve), r = 0:03
(dotted curve), and r = 0:22 (dashed curve). At z = 0, P
V
(z) = 1=2, regardless of the value
of r. It decreases slightly for small z, and then increases monotonically to a maximum value,
at z = 1, of 0.74 for r = 0:03, 0.73 for r = 0:10, and 0.70 for r = 0:22. Note that, in spite of
the large uncertainty in our determination of r, the uncertainty in P
V
(z) is less than about
11%. Thus the PQCD model gives a rather unambiguous prediction that P
V
should vary



























































































































































































This ratio is plotted as a function of t = k
T
=M in Fig. 5 for the three values r = 0:10; 0:03,
and 0.22. At t = 0, P
V




decreases to its asymptotic value at t =1. At t = 1, P
V
(t) is within 0:1% of its asymptotic
value of 0:65 for r = 0:03, 0:62 for r = 0:10, and 0:60 for r = 0:22. Again we nd that, in






The PQCD fragmentation functions for vector mesons have been applied previously [21]





The fragmentation functions were separated into the transverse and longitudinal polarization
components. The spin alignment, which measures the ratio of transverse to longitudinal po-
larizations, was calculated as a function of z and as a function of k
T
. In the case of production
of D

by charm fragmentation, the spin alignment predicted by the PQCD fragmentation
model was shown to be consistent with CLEO measurements [21]. In addition, the predicted
value of the average longitudinal momentum fraction hzi for c ! D

and for b ! B

was
shown to be in excellent agreement with data from LEP, CLEO, and ARGUS [21]. The




mesons in these comparisons were r = 0:17 and r = 0:058,
respectively, which lie within the range determined above from measurements of P
V
.
The PQCD fragmentation functions have also been applied in Ref. [22] to predict the





mesons based on the production rates of the B
s
mesons measured at LEP. Instead of treating the normalization N as a phenomenological
parameter as advocated in this paper, the authors calculated N using the PQCD expression,
which involves 
s
at the scale of the strange quark mass.
VI. Summary
We have studied the heavy-quark mass limit of the PQCD fragmentation functions for
producing S-wave mesons. The leading and next-to-leading terms in 1=m
Q
were calculated
directly from HQET. The PQCD fragmentation functions were proposed as a phenomeno-
logical model for fragmentation into heavy-light mesons. With only 2 parameters, this model




pseudoscalar meson state and the transverse and longi-
20




vector meson. It describes not only the z-dependence
of the fragmentation probabilities, but also their dependence on the transverse momentum
k
T
of the meson relative to the jet within which it is produced. This model can easily
be extended to describe heavy quark fragmentation into P -wave states using the PQCD
fragmentation functions calculated in [19]. The PQCD fragmentation functions were com-
pared with other models for heavy-quark fragmentation in the literature. As an application,
the PQCD fragmentation functions were used to predict the ratio of vector-to-pseudoscalar
states as a function of z and as a function of k
T
. The ratio P
V
is predicted to vary from
around 1/2 at small values of z to almost 3/4 near z = 1.
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Figure Captions
1. Feynman diagram used to calculate the PQCD fragmentation functions in axial gauge.
2. Comparison of the D
c!D
(z) (lower set of curves) and D
c!D

(z) (upper set of curves)
fragmentation functions. The normalization is arbitrary. Shown are the full PQCD
results (solid curves), the leading terms (dotted curves) in the heavy-quark mass ex-
pansion, and the leading plus next-to-leading terms (dashed curves) in the heavy-quark
mass expansion.
3. The ratio P
V
as a function of r.
4. Predictions for the ratio P
V
(z) as a function of z for r = 0:10 (solid curve), r = 0:03
(dotted curve), and r = 0:22 (dashed curve).




) as a function of k
T
for r = 0:10 (solid curve), r = 0:03
(dotted curve), and r = 0:22 (dashed curve).
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